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We study static, spherically symmetric equilibrium configurations in extended theories of gravity
(ETG) following the notation introduced by Capozziello et al. We calculate the differential equations
for the stellar structure in such theories in a very generic form i.e., the Tolman-Oppenheimer-Volkoff
generalization for any ETG is introduced. Stability analysis is also investigated with special focus
on the particular example of scalar-tensor gravity.
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I. INTRODUCTION
Classical General Relativity (GR) is a very elegant the-
ory which is, roughly speaking, described by the Ein-
stein’s field equations. They show the relation between
geometry of spacetime and matter (fields) contribution.
Many astronomical observations have tested and con-
firmed GR predictions both at solar system level and
using binary pulsars as well as the recent positive detec-
tion of gravitational waves. Therefore, one deals with
convincing indication that the GR is the theory respon-
sible for mediating the gravitation interaction. However,
it seems that building a successful model for the dynam-
ics of the universe using GR and known matter fields
as the source of Einstein equations is not enough to de-
scribe many issues that recently appeared in fundamen-
tal physics, astrophysics and cosmology. There are com-
pelling evidences from recent observations leading to the
so called dark energy phenomena [1, 2], i.e., a late-time
cosmic acceleration (which one explains by adding an ex-
otic fluid called dark energy) as well as the dark matter
puzzle [3, 4]. Also, an important ingredient of the concor-
dance model is an inflationary phase in the early universe
[5, 6] supposedly driven by an inflaton field. The common
point here is that unknown components should be added
to the energy momentum tensor when GR is adopted.
While the direct confirmation about the existence of such
extra fields is missing, one alternative relies in assuming
that GR is not the actual gravitational theory acting on
large scales but is only recovered locally via screening
mechanisms [7] (although there is evidence that screen-
ing solutions can eventually fail inside screened regions
[8] and astrophysical objects[9]). Then, the observations
leading to the dark energy/matter phenomena would re-
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sult from some non-trivial prediction of new gravitational
theories. Hence, the search for new approaches for the
gravitational interaction has become a fruitful investiga-
tion route.
There are also problematic issues concerning astro-
physical objects like for instance neutron stars. Their
structure and the relation between the mass and the ra-
dius are determined by equations of state (EoS) of dense
matter. The maximal mass value of such objects is still
an open question but recent observations estimate this
limit as 2M⊙. For example, the pulsar in the system PSR
J0348+0432 has the limit 2.01M⊙ [10], another massive
neutron star are Vela X-1 with the mass ∼ 1.8M⊙ [11]
and (B1957+20) with a mass ∼ 2.4M⊙ [12]. A compila-
tion with recent neutron stars mass determination can be
found in [13]. It should be also mentioned that some EoS
include hyperons which make the maximal mass limit for
non-magnetic neutron stars significantly lower than 2M⊙
[14]. Therefore, very massive neutron stars challenge the
viability of hyperon based EOS. There are a few ways to
approach the “hyperon puzzle”, such as hyperon-vector
coupling, chiral quark-meson coupling and the existence
of strong magnetic fields inside the star. Concerning the
latter approach, for example, some works find a clear in-
fluence of the magnetic field increasing the mass of the
star [15]. On the other hand, it seems that the existence
of neutron stars—without strong magnetic fields—with
masses larger than 2 M⊙ is challenged within the frame-
work of GR [16–18]. Also, it is worth noting that the
usual formalism about the effects of density-dependent
magnetic fields on the properties of neutron stars has
been shown to be controversial [19].
As neutron stars are very peculiar objects for testing
theories of matter at high density regimes, data about
their macroscopic properties like mass and radius can also
be used for studying potential deviations from GR. There
exist suggestions [18, 20] that the use GR, if adopted
to describe strong gravitational fields, is only a phe-
nomenological extrapolation since the strength of gravity
2sourced by a neutron star is many orders of magnitude
larger that the one probed by the solar system (weak
field limit) tests. Also following this line of reasoning,
from theoretical and experimental reasons one believes
that GR should be modified when gravitational fields are
strong and spacetime curvature is large [21]. Therefore,
a promising route of investigation is firstly to set a spe-
cific model of dense matter, i.e., an equation of state,
and then proceed computing macroscopic properties of
neutron stars in a given ETG. Indeed, the predictions
of alternative theories to GR concerning the structure of
compact objects is currently an active research field [22].
In order to implement the strategy described at the
end of the last paragraph the first step is to obtain the
equilibrium configuration for the stellar objects. In GR,
the simplest case of a static, spherically symmetric geom-
etry gives rise to the well known Tolmann-Oppenheimer-
Volkoff (TOV) equation [23, 24]. Our goal in this work is
twofold: i) firstly, we introduce a TOV-like equation for
a general class of ETG (as studied in [25–27]) which will
be presented in section II. The generalized equilibrium
equation for any ETG (the TOV-like equation) is then
calculated; ii) We also generalize the stability criterion for
ETG in chapter III. A parametrized version of the TOV
equation has been presented in Ref. [28]. We extend the
analysis of the stability based on the thermodynamical
properties of the system as presented in some textbooks.
See for example[29]. As a case study we investigate the
stability conditions for scalar-tensor gravity. We work in
c = 1 units with the signature (− +++) for the metric.
II. EXTENDED THEORIES OF GRAVITY AND
STELLAR EQUILIBRIUM CONFIGURATIONS
We denote by extended theories of gravity (ETG) any
alternative to GR in which the field equations can be
recast in the form [25–27]
σ(Ψi)(Gµν −Wµν) = κTµν , (1)
where Gµν = Rµν − 12Rgµν is the Einstein tensor, κ =
−8piG, the factor σ(Ψi) is a coupling to the gravity while
Ψi represents for instance curvature invariants or other
fields, like scalar ones. The symmetric tensorWµν stands
for additional geometrical terms which may appear in
an specific ETG under consideration. It is important
to note that (1) represents a parameterization of gravita-
tional theories at the level of field equations. The energy-
momentum tensor Tµν will be considered as the one of a
perfect fluid, that is Tµν = pgµν + (p + ρ)uµuν , where p
and ρ are the pressure and the energy density of the fluid.
The four velocity uµ of the co-moving (with the fluid) ob-
server is normalized with the condition uµuµ = −1.
It is worth noting that (1) does not encompass all the
possible alternatives to GR at the field equations level.
However, most of the main proposals like, for instance,
scalar tensor theories and f(R), can be reshaped in this
form. As an example, for theories which have a time
dependent effective gravitational coupling σ ≡ σ(t) and
Wµν = 0.
One may also add a coupling to the matter source (as
it appears often in the so-called Einstein frame) but here
we will not consider that case. From the structure of (1)
one sees that GR is immediately recovered if σ(Ψi) = 1
and Wµν = 0. The extended Einstein’s field equations
(1) can also be written as
Gµν = κT
eff
µν =
κ
σ
Tµν +Wµν . (2)
It is worth noting that one cannot postulate that the
energy-momentum tensor of the matter Tµν is conserved.
Rather, due to the Bianchi identity, the effective energy-
momentum tensor T effµν is conserved i.e., ∇µT µνeff = 0. In
some special ETG cases [30] one deals with modifications
of the conservation of the matter energy-momentum ten-
sor.
A. TOV equations in ETGs
The simplest configuration for a star is the static and
spherically symmetric geometry as given by the metric
ds2 = −B(r)dt2 +A(r)dr2 + r2dθ2 + r2 sin2 θdφ2. (3)
From the normalization condition one has that u0 =
−
√
B(r). As the metric is time independent and spheri-
cally symmetric, the pressure p and energy density ρ are
functions of the radial coordinate r only. Hence we will
assume that the coupling function σ and the geometric
contributions Wµν are also independent of the coordi-
nates (t, θ, φ).
We calculate in detail the components of (2). The com-
ponents of the Ricci tensor read
Rtt = −B
′′
2A
+
B′
4A
(
A′
B
+
B′
B
)
− B
′
rA
(4)
=
κ
2σ
(ρ+ 3p)B +Wtt +
BW
2
, (5)
Rrr =
B′′
2A
− B
′
4B
(
A′
B
+
B′
B
)
− A
′
rA
(6)
=
κ
2σ
(p− ρ)A+Wrr − AW
2
, (7)
Rθθ = −1 + r
2A
(
−A
′
B
+
B′
B
)
+
1
A
(8)
=
κ
2σ
(p− ρ)r2 +Wθθ − r
2W
2
, (9)
where W = −B−1Wtt +A−1Wrr + 2r−2Wθθ is the trace
of the tensor Wµν . The symbol prime (
′) denotes the
derivative with respect to r. Using the above equations
to write
Rrr
2A
+
R00
2B
+
Rθθ
r2
= − A
′
rA2
− 1
r2
+
1
Ar2
=
κρ
σ
+r2B−1Wtt
(10)
3we obtain the following relation
( r
A
)′
= 1 + κr2
ρ(r)
σ(r)
+ r2B−1(r)Wtt(r). (11)
Then we may solve equation (11) and write the solution
in the very familiar form
A(r) =
(
1− 2GM(r)
r
)−1
, (12)
where the mass functionM(r) is defined here as
M(r) =
∫ r
0
(
4pir˜2
ρ(r˜)
σ(r˜)
− r˜
2Wtt(r˜)
2GB(r˜)
)
dr˜. (13)
This solution is clearly different from the usual defini-
tion given by GR in whichM(R) (R is the radius of the
star) is interpreted as the physical mass of the central
object. Here, this expression should be interpreted as
the mass function of the coupled TOV-like system. Ge-
ometric quantities also enters here. This expression is
different from the actual physical mass, the one inferred
from binary pulsar observations, for instance, and used
to plot the usual Mass-Radius diagram.
The complete derivation also needs the relations
A′
A
=
1−A
r
− κAr
σ
Q, (14)
B′
B
=
A− 1
r
− κAr
σ
Π, (15)
where we have defined new quantities
Q(r) := ρ(r) +
σ(r)Wtt(r)
κB(r)
, (16)
Π(r) := p(r) +
σ(r)Wrr(r)
κA(r)
. (17)
In GR the functions Q and Π would be interpreted as the
energy density and pressure, respectively.
The conservation of the effective energy-momentum
tensor is another useful relation. The hydrostatic equi-
librium ∇µT µνeff = 0 reads then
κ(σ−1∇µT µν − σ−2T µν∇µσ) +∇µWµν = 0, (18)
or, more explicitly,
κσ−1
(
p′ + (p+ ρ)
B′
2B
)
− κp σ
′
σ2
− A
′
A2
Wrr +A
−1W ′rr
+
2Wrr
Ar
+
B′
2B
(
Wrr
A
+
Wtt
B
)
− 2Wθθ
r2
= 0. (19)
Let us notice that from (17) and with the help of (14)
(
Π
σ
)′
=
p′
σ
− pσ
′
σ2
+
W ′rr
κA
−Wrr(1−A)
κrA
+
rWrrQ
σ
. (20)
This equation is the basic structure for deriving the gen-
eralized hydrostatic equilibrium for stars in ETG. To-
gether with (15) and definition (16), the equation (20)
can be written as
(
Π
σ
)′
= −Gm
r2
(
Q
σ
+
Π
σ
)(
1 +
4pir3 Πσ
M
)(
1− 2GM
r
)−1
+
2σ
κr
(
Wθθ
r2
− Wrr
A
)
. (21)
The above equation (21) and
M(r) =
∫ r
0
4pir˜2
Q(r˜)
σ(r˜)
dr˜. (22)
have a similar functional form as the standard GR result.
But one remarkable difference is the existence of the geo-
metrical contribution in the last term of (21). The set of
equations (21) and (22) represent a useful tool for study-
ing stellar configurations once a certain ETG is specified.
It is worth noting that such equations determine com-
pletely the stellar equilibrium since the assumption that
the pressure is expressed as a function of the density only,
i.e., the entropy per nucleon and the chemical composi-
tion as constant throughout the star. Such assumptions
will also be used in the analysis of stability of these sys-
tems.
It should be noticed that since the tensor Wµν can
include some extra fields like scalar ones for example, be-
sides the generalized Einstein’s field equations (1), one
will inevitably deal with equations of motion for the ad-
ditional fields which should be taken into account. This
means that Eq. (21) and (22) are general up to the defi-
nition of the specific theory. After that stage, these equa-
tions can be further simplified with the help of the new
equations of motion of the specified theory. In order to
exemplify such issue, in the next section we will consider
scalar-tensor gravity where the modified Klein-Gordon
equation for the scalar field is taken into account.
III. STABILITY CONDITIONS
In order to obtain specific predictions on the stability
of static and spherically symmetric systems within the
general form like (1) one has to provide the Wµν and
σ(Ψi) terms. In this section, as a case study, we calculate
the stability criterion for the k-essence class of theories.
A. Extended stability conditions applied to
scalar-tensor gravity
In scalar-tensor theories the gravitational interaction is
mediated not only by the metric field (as in GR), but also
for a scalar field φ. Among many realizations of scalar-
tensor theories, a simple prototype is the quintessence
4class in which the scalar field is said to be minimally
coupled to the geometrical sector.
The theory can be written according to the following
action
S =
1
2κ
∫
d4x
√−g(R−∇µφ∇µφ− 2V (φ))+Sm[gµν , ψ].
(23)
The field equations derived from the above action are
Gµν +
1
2
gµν∇αφ∇αφ−∇µφ∇νφ+ gµνV (φ) = κTµν ,(24)
V ′(φ) −✷φ = 0. (25)
Since we are working in a curved spacetime the scalar
field φ depends on matter contribution (ρ) via the
d’Alembertian (✷) operator present in the modified
Klein-Gordon equation above.
Comparing (24) with (1) one notice that in the k-
essence case we identify σ = 1 and
Wµν = −1
2
gµν∇αφ∇αφ+∇µφ∇νφ− gµνV (φ). (26)
From the above definition of Wµν we can write the fol-
lowing components
Wtt =
1
2
B∇αφ∇αφ+BV (φ) = B(C + 2V ), (27)
Wrr = AC, (28)
Wθθ = −r2(C + 2V ). (29)
In the above expressions we have defined V ≡ V (φ) and
C ≡ C(Q,φ, φ′) = 1
2
A−1φ′2 − V. (30)
Let us recall that A is a function of Q. Hence, the last
term in the generalized TOV equation (21) is − 4σκr (C +
V ) = −2σ φ′2κAr . Moreover, in the k−essence case, the
functions Q and Π will assume the form
Qk = ρ(r) + κ
−1(C + 2V ), (31)
Πk = p(r) + κ
−1C. (32)
Let us calculate in detail the stability analysis. We as-
sume that the particle number Nα = nuα is conserved
∇α(nuα) = uα∇αn+ n∇αuα = 0. (33)
The crucial issue here is that we are dealing with the ef-
fective energy-momentum tensor (from the Bianchi iden-
tities ∇µGµν = 0), therefore
uν∇µT µνeff = σ−1
(
uµ∇µp− nuµ∇µ
(
p+ ρ
n
)
+ ρuµ∇µσ
)
+ uν∇µWµν , (34)
and
uµ
(
σ
κ
W νµ;ν − np∇µ
(
1
n
)
− n∇µ
( ρ
n
)
+
ρ
σ
∇µσ
)
= 0.(35)
Since we are working with the modified field equations
(24), the coupling term ∇µσ in the above formula van-
ishes. Keeping in mind that the tensor Wµν does not de-
pend on the energy density, the only non-vanishing terms
that undergo infinitesimal changes with respect to the in-
finitesimal changes of the energy density are
δ
( ρ
n
)
+ pδ
(
1
n
)
= 0, (36)
and consequently,
δn(r) =
n(r)
p(r) + ρ(r)
δρ(r). (37)
Notice that the second law of thermodynamics will differ
in ETG’s [32] but the above general relation remains valid
in our treatment. This expression will be our starting
point but before doing that we should investigate in detail
the dependence of the variation δρ with respect to other
quantities. It is important to notice the particular form
of the effective energy-momentum tensor (24) in the ETG
that we are considering here. As Wµν is symmetric and
one also deals with the modified K-G equation then
∇µWµν = ∇µφ(∇µ∇νφ−∇ν∇µφ) = 0 (38)
where we have used the K-G equation ✷φ = V ′. One
may also compute it explicitly for the component µ = r
∇νW νr = C′ + (C + V )(
A − 1
r
− κArΠ+ 4
r
) := C′ +D.
(39)
Applying the Klein-Gordon equation to the deriva-
tive C′ = dC(φ,φ
′)
dr , gives rise to the expression C
′ =
−(C + V )(A−1r − κArΠ + 4r ) = −D which will be useful
latter. Therefore, component µ = r of the equation (35)
resembles the GR form
n′(r) = n
ρ′
ρ+ p
. (40)
Now on, we are going to use the Lagrange multipliers
method following the procedure presented, for example,
in Ref. [29]. The nucleon number
N =
∫ R
0
4pir2[1− 2GM(r)/r]−1/2n(r)dr (41)
remains unchanged but we should remember that it also
depends on the modified geometry (see the formula (12)
and below). Then, we find
0 = δM− λδN =
∫ ∞
0
4pir2δQdr
− λ
∫ ∞
0
4pir2
(
1− 2GM(r)
r
)− 1
2
δn(r)dr
− λG
∫ ∞
0
4pir
(
1− 2GM(r)
r
)− 3
2
n(r)δM(r)dr,(42)
5In the above expression one has to identify explicitly
the terms δQκ and δn(r) since they depend on the vari-
ations of geometrical quantities as well as δρ(r). There-
fore, the variation of each term e.g., δn ≡ δn(δQk, δC)
should be written in details.
From (31) one realizes that the variation δρ(r) can be
expressed as
δρ = δQk − κ−1(δC + 2V ′δφ), (43)
where δC is a function of δQk, δφ, and δ∇µφ. Our goal
is to show that the equilibrium is stable with respect to
radial oscillations ifM is a minimum with respect to all
possible variations.
In astrophysical application, temporal variations of the
scalar field can be neglected. Then, since the scalar field
is a function of the radial coordinate only, i.e., φ ≡ φ(r),
we may write φ′ = ∂µφ = ∇µφ. From (30) the term δC
is written as
δC = −G
r
φ′2
∫ R
0
(4pir2δQkdr)+∇µφδ∇µφ−✷φδφ, (44)
where we have used the K-G equation ✷φ = V ′. There-
fore, the full expression for the variation of the energy
density becomes
δρ = δQk−κ−1
(
−G
r
φ′2
∫ R
0
(4pir2δQkdr) +∇µ(δφ∇µφ)
)
.
(45)
This quantity indicates how the thermodynamical re-
lation (37) is modified in the presence of the scalar field
φ. Moreover, we identify the quantity δM(r) which ap-
pears in (42) as δM(r′) = ∫∞
0
4pir′2δQkdr
′. Applying
such relations into equation (42) it is worth noting that
such equation becomes
0 =δM− λδN =
∫ ∞
0
4pir2δQkdr − λG
∫ ∞
0
4pirA
3
2n(r)
∫ ∞
0
(4pir˜2δQkdr˜)dr
−λ
∫ ∞
0
4pir2A
1
2
n(r)
p(r) + ρ(r)
(
δQk − κ−1
(
−G
r
φ′2
∫ R
0
(4pir˜2δQkdr˜) +∇µ(δφ∇µφ)
))
dr. (46)
Our next step is to investigate carefully the terms appear-
ing in the above expression. For example, one realizes
that the last term appearing in (46)∫ ∞
0
4pir2A
1
2
n(r)
p(r) + ρ(r)
∇µ(δφ∇µφ)dr, (47)
is proportional to the integral of the term ∇µ(δφ∇µφ).
This term can be integrated by parts. Then, writing it
explicitly after the integration one obtains the following
terms
∫ ∞
0
∇µ
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
δφ∇µφ
)
dr −
∫ ∞
0
δφ∇µφ∇µ
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
)
dr (48)
=
∫ ∞
0
∂µ
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
δφ∂µφ
)
dr +
∫ ∞
0
[
4pir2A
1
2Γµµν
n(r)
p(r) + ρ(r)
− ∂ν
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
)]
δφ∂νφdr.
It is important to realize that∫ ∞
0
∂µ
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
δφ∂µφ
)
dr (49)
which is present in Eq. (48) is a boundary term. We say
in advance that our conclusion on the stability of stel-
lar systems in such particular k−essence theory crucially
depends on this term. It vanishes since both upper and
lower substitutions vanish. The former as both variations
at the (finite) boundary vanish and the latter as r2 fac-
tor takes it zero while other factors are supposedly finite.
Therefore, we continue neglecting this term in our analy-
sis although it should be rethought again if one wants to
consider another theory of gravity rather than the mini-
mally coupled scalar field model with the modified Klein-
Gordon equation (24). The discussion above concerns
6only the minimal coupling case since a non-minimal cou-
pling could also produce some non-trivial contribution
to such boundary term term. The work on non-minimal
case is in progress.
Interchanging the r and r˜ integrals will allow us to
write
δM− λδN =
∫ ∞
0
4pir2
[
1− λn(r)
p(r) + ρ(r)
A
1
2 − λG
∫ ∞
r
4pir˜n(r˜)A
3
2 dr˜ − λGκ−1
∫ ∞
r
4pir˜A
1
2
n
p+ ρ
φ′2dr˜
]
δQ(r)dr
− λκ−1
∫ ∞
0
∂νφ
[
4pir2A
1
2Γµµν
n(r)
p(r) + ρ(r)
− ∂ν
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
)]
δφdr = 0. (50)
In order to assure that the above equality holds one has to
guarantee that all the integral terms vanish, that is, both
terms containing variations must vanish independently.
The term in the first line of (50) which is proportional to
δQ will vanish if
1
λ
=
n(r)
p(r) + ρ(r)
A
1
2 +G
∫ ∞
r
4pir˜n(r˜)A
3
2 dr˜
+Gκ−1
∫ ∞
r
4pir˜A
1
2
n(r˜)
p(r˜) + ρ(r˜)
φ′2dr˜, (51)
while the vanishing of the last term demands
4pir2A
1
2Γµµr
n(r)
p(r) + ρ(r)
= ∂r
(
4pir2A
1
2
n(r)
p(r) + ρ(r)
)
.
(52)
Let us now concentrate on (51). Deriving it with re-
spect to the radial coordinate r (where λ is constant) and
using the fact that in our case n′(r) = n ρ
′
ρ+p still holds,
we find
−4piGrA− p
′
(p+ ρ)2
+
GA
p+ ρ
(4pirQ−M
r2
)
−4pirG
κ
φ′2
p+ ρ
=0. (53)
Applying the following relations
A− 1
r
=A
2GM
r2
,
p+ ρ =Πk +Qk − 2κ−1(C + V ),
A−1φ′2 =2(C + V )
together with
Π′k = p
′ + κ−1C′
= p′ − κ−1(C + V )
(
A− 1
r
− κArΠ+ 4
r
)
(54)
we are finally able to write
Π′ = −AGM
r2
(Π +Q)(1 + 4pir
Π
M
)− 4C + V
κr
, (55)
which is exactly the TOV equation (21) for the k-essence
model.
We turn now our attention to equation (52). Writing
the gamma term explicitly Γµµr =
2
r − 12 (κAr(Π +Q))
and using n′(r) = n ρ
′
ρ+p and Eq. (54), we obtain again
exactly (55), i.e., the TOV form.
Therefore, the system is stable since the boundary
term (49) vanishes. If this would not be the case then we
were not able to write down the stability equation in the
TOV-like form as presented in section II.
IV. CONCLUSIONS
In this work we have studied extended theories of grav-
ity (ETG) based on the phenomenological field equations
(1). Indeed, this class of theories are not derived via stan-
dard variation principle from any know action though
this represent a general way to implement modifications
of GR at the field equations level.
Our focus was to obtain the stellar equilibrium equa-
tions for static, spherically symmetric geometries. In the
general relativistic case this set of equations is known
as the TOV equations. The main result of this work
consists in the system of equations (20) and (22) which
is the analogous version of the TOV equations for any
ETG. Such equations can now be further applied to spe-
cific gravitational theories. For the particular case shown
in (21) the TOV structure is preserved only if one finds
a suitable theory in which Wθθ =Wrrr
2/A and regarded
that we identify Q and Π, as the effective density and
effective pressure, respectively.
Concerning the stability of such systems, we argue
that this analysis should be implemented case by case
only, i.e., it is difficult to achieve general results without
specifying the functions Wµν and σ(Ψ
i). As an exam-
ple showing the applicability of our results, we worked
on the specific class of k−essence theories in section III.
For this case, we generalized the stability theorem found
for instance in [29] taking into account the new functions
Q ans Π. We found that the specific minimally coupled
scalar-tensor case leads to stable configurations since the
boundary term (49) does vanish. The considered example
7shows that there are other theories of gravitation besides
GR in which a neutron star is a stable system. How-
ever, it is worth noting that other theories can lead to
non-vanishing boundary terms.
If one finds a theory in which the equilibrium (21) is
not recovered from the Lagrange multiplier method em-
ployed in section III, it is clear that stability criterion
should be reinterpreted. Contrary to the standard case,
even assuming uniform entropy per nucleon and chemi-
cal composition, the interpretation of the mass function,
and consequently the proper definition of the quantity
M, should be identified with effective energy density Q.
The same interpretation should also be extended to the
quantity M which appears in the definition of the nu-
cleon number N .
The investigation of the stability of stellar systems in
ETG and other modifications of gravity that cannot be
recast in the form (1) should be further investigated. We
will present such analysis in a future work.
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